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Estimation of population’s total using HTC [Cordy, 1993]

Let Y be the total of a resource in geographical domain D made up by an
infinite set of points x (D is a continuous population)

Y = f Y (x)dx = \(D)Y. (1)
D
An unbiased estimator Y of the total Y is given by
- Y (x)
Y = , 2
X; 00 (2)

where the symbol Y(x) stands for local density found on the point x of
the sample s with fixed size np, w(x) is the inclusion density function on
the point x (local measure of the expected number of sample points per
unit area).

Estimator (2) is unbiased if the function Y (x) is positive or bounded in D
and if m(x) > 0 Vx e D, i. e. any point x € D can be selected.
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Variance of total estimator [Cordy, 1993]

If the local density Y(x) is bounded, conditions 7(x) >0 Vxe D
and SD %dx < o0 hold, the variance of total estimator Y is given:

VHrc(s\/) = JD :_2(53) dx +
e =l GO
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Estimation of the variance of total estimator [Cordy, 1993]

Provided condition 7(x;, xj) > 0 Vx;, x; € D is satisfied, an unbiased
estimator of variance V(Y) is given by

D)= 5[ Y] 1 3 3 viarvi s rrt)
X;ES xesfisxj 7y 1 J

and equivalently by

Pore(9) - 3| H) ] IPIRAL I MR AL IO

X;ES Xi€s XES X;ES XjES
Xi#X; X #Xj
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Total and variance estimators for URS

In case of Uniform Random Sampling (URS) with a fixed number
of np sample points selected in geographical domain D the general
HTC estimators (2) and (4), (5) take the form of (6), (7), (8):

<p

7=y :(()’:)) _ A(D)—ZXE;;/(X) — (D)

; (6)
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Problems with NFI variance estimation |

NFIl sampling design properties influencing variance estimation

@ most NFIs use a variant of systematic or spatially stratified design

e condition 7(x;,x;) > 0 Vx;,x; € D doesn’t hold for systematic
sampling and for stratified sampling with fixed origin

There are several workarounds how to approximate and estimate the
design-based variance of systematic samples see Wolter M. [1985], Cordy
and Thompson [1995], Heikkinen [2006, section 10 starting on page 155]
and Cooper [2006] for instance.

R. Adolt (FMI Brandys n. Labem) New variance estimator based on CHT 24th - 26th May 2016 7/21



Problems with NFI variance estimation I

Variance estimators based on URS approximation

e for designs for which 7(x;, x;) > 0 Vx;, x; € D doesn't hold, an
approximation of 7(x;, x;) = np(np — 1)/A\?(D) corresponding to
URS with fixed sample size in D is used

@ variance estimators are approximated by (7), (8)

@ under the condition of positive spatial correlation and sufficient
sample size these approximations of variance estimator are
mostly but not necessarily’ conservative [Heikkinen, 2006,
section 10 starting on page 155] and [Mandallaz, 2007, section 4.1
starting on page 53]

“Sampling grid resolution might coincide with periodicity of the local density
function.

v

R. Adolt (FMI Brandys n. Labem) New variance estimator based on CHT 24th - 26th May 2016 8/21




Conservativeness of the variance estimator

Definition

E[V(8)] > v(¥) 9)

Expected value of a conservative variance estimator \A/(HA) is higher
than the true variance.
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Non-constant sample size in D |

Reasons for and implications of non-constant sample size

@ most NFIs use square, less frequently rectangular, triangular or hexagonal sampling
grids with random origin

@ sampling grid divide the the support® S 2 D into congruent, non-overlapping cells
of equal size and shape - inventory blocks

@ D can’t be tessellated by a whole number of inventory blocks

@ because of the random origin of the grid and for some designs also due to random
location of sample points in inventory blocks, the number of sample points in D
varies from sample to sample

@ HTC formulas in the form given at the begining of presentation do not hold
for random sample size designs!

?An area used for the implementation of sampling algorithm - typically a
rectangle covering D.
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Non-constant sample size in D |l

Reaching unbiasedness of estimators under non-constant sample size

One option is to implement the estimation on S instead of D level® and to redefine
local density to zero in areas outside D. This technique works well for designs not
using the URS approximation for variance estimation, otherwise it further increases
the conservativeness of variance estimator.

Cordy [1993] describes two solutions:

@ replace inclusion density and pairwise inclusion density functions on inventory
points by their expected values taken over all possible sample sizes, estimators and
their variances are then unbiased unconditionally on the realized sample size
in D, total estimators are additive

@ express the inclusion density and pairwise inclusion density functions with respect
to realized sample size in D, estimators are unbiased conditionally on the
realized sample size in D, total estimators are no longer additive

?Specific topology for S [Stevens, 1997, section 3.1 starting on page 172],
[Mandallaz, 2007, section 5.6 starting on page 92] the number of sample points
in S is kept constant.
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Geographical additivity of total estimators

Geographical additivity of total estimator Y is defined by

k
Y o= ; Yo, (10)

A geographically additive total estimator evaluated for arbitrary
domain being an union Ufle D; of k sub-domains Dy, D5 ... Dy equals to
the sum of k total estimators of the same kind calculated individually for
each sub-domain.
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Unconditional versus conditional unbiasedness of estimators

Under unconditional unbiasedness the expected value of an estimator g,
when evaluated over all possible sample sizes, equals the true value of
the parameter of given population

E[é] — 9. (11)

Under conditional unbiasedness (conditioning on sample size) the
expected value of an estimator 6, when evaluated over all samples of
given size np, equals the true value of the parameter of given population

]E[é | nD] —0. (12)
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Unconditionally unbiased, additive estimator of total |

Cordy's [1993] first option how to cope with random sample size - replace
inclusion density and pairwise inclusion density functions on
inventory points by their expected values:

#(x) = E[mn, (x)] = > crnpma(x (13)

(%5, %) = B[y (xi, )] = Y npTalxi, X)). (14)

Sums in formulas (13) and (14) run over all possible sample sizes, ay, is a
probability of obtaining a sample of size np.

Skipping a rather trivial algebra the expected value of sampling density on
location x can be intuitively expressed by

T(x) = A(e)7
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Unconditionally unbiased, additive estimator of total Il

Derivation of 7(x;, X;) is based on the assumption that for every sample
of particular size np the pairwise density can be approximated

by 75, (xi, %) ~ np(np — 1)/A%(D) (the URS case). Then the expected
value 7(x;, x;) (over all possible sample sizes) can be expressed by:

_ np(np —1)| _ E(np) —E(np) _ E(np) —fip
rs) = B 23500y | = Sy = gy T 09
where of fip = A(D)/A(c) and E(n%) can be taken from:
V(np) = E(np) —E*(np). (17)

Putting pieces together we arrive at

#(xi,xj) = fip(fip — 1+ V(np)/Ap)A"%(D).
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Unconditionally unbiased, additive estimator of total Ill

Densities (15) and (18) can be plugged into (6), (4) or (5) to get
following estimator of total - additive and unbiased unconditionally on
sample size

=3 YO _ \pyees Y _ ) 3 v(x), (19)

XES ’ﬁ-(X) I_7D XES

and its variance estimator
A(D)

V() = PR Ty { ZIRZ [i?f(no)/ﬁ[, - 1] } (20)

In practice we need to replace V(np) by its estimate which can be obtained by simulated
generation of sampling grid over a digital map of a study area (or by another
approximate approach).

The estimators use only sample points located in D which is computationally
efficient. The estimator of variance is conservative in most NFI situations - due to the
URS approximation behind.
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The already known unconditionally unbiased estimator |

Total estimator (unbiased unconditionally) can be expressed as

[

Y = X(D)Yp = npA(c)Y, (21)
where Y is the estimator of mean density over D, and S\(D) is the estimator of area

of D. Estimator (21) is a product of two independent random variables (np and \a’) and
a constant A\(c) (cell size of the grid).

Goodman [1960] showed an exact variance estimator of a product of two uncorelated
random variables, we use this formula to get following variance estimator (personal
communication with Mr. Adrian Lanz)

T(¥) = N(c) [noag + Y20 (np) — %’;")ag], (22)

where

np — 1
is an estimator of variance of local density Y (x) in D.
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The already known unconditionally unbiased estimator Il

Estimator (22) can be expressed as

e VooV e, 2%
() =0 | —

and further rewritten as

N*(D)

V() = 1{72[1— (nD)/nD]+Y2[ (nD)/nD—l]} (25)

Now let's compare (25) to (26) derived from HTC:

np —

V() = - (D) - {Y2+v2[ (nD)/nD—l]}

np—1+ V(HD)/HD
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e NFI estimation can be based upon HTC by Cordy [1993]

@ additivity of totals can be addressed by unconditionally unbiased
estimator

e for a spatially restricted designs two URS-based (conservative)
variance estimators are available

@ the new one was derived from HTC, the former is based on standard
theory of random sampling

@ in theory these estimators are almost identical which was confirmed
by simulations using artificial population
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End of presentation

Thank you for attention!
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